Abstract:. We propose a model for imaging point objects through a dielectric interface or stratified media. The model is applicable to conventional and confocal fluorescence microscopy, with single-or multiphoton excitation. An analytical solution is obtained in the form of readily computable functions. When large mismatches occur in the refractive indices of the media of the objective lens and specimen the illumination and detection point spread functions differ significantly, showing that currently used imaging models may fail to correctly predict imaging properties of optical microscopes.
Introduction
Fluorescence microscopy is a key tool to study three-dimensional structures of living cells and tissues. When a fluorescent molecule is excited it essentially re-emits a dipole field [1] [2] [3] [4] , which is polarized. As a consequence, image formation models in fluorescence microscopy should take into account polarization effects.
The mathematical approaches proposed up to now [5] [6] [7] [8] assume that an electric, magnetic or mixed dipole is excited by an electromagnetic wave and emits a perfect spherical wave. The limitation of these models is that they assume the dipole is embedded in a homogeneous medium, while in microscopy the specimen is often observed through an immersion medium and a cover glass whose refractive indices are usually different from that of the specimen.
In this work we present a rigorous model for image formation of fluorescent optical microscopes when a single fluorescent dipole is situated inside a stratified medium. The illumination of the dipole is modeled by the theory described in Ref [9] . The fluorescent dipole then emits a perfect dipole wave that traverses the stratified medium, as described in Ref [10] . A high numerical aperture lens collects and re-collimates light exiting the stratified medium. The evolution of the electric field vector is modeled by the generalized Jones matrix formalism [5] . A low convergence angle lens focuses the light emerging from the high aperture lens onto the detector. The image is built up by scanning the fluorescent dipole with respect to the illumination and detection systems. Note that this excitation mechanism corresponds to Case C of Ref [6] .
Our approach therefore combines both stratified illumination and stratified detection in a vectorial model valid for conventional, confocal or multi-photon fluorescence microscopy.
Modeling of the illumination Point Spread function
Figure 1(a) shows the configuration for illumination by an x-polarized wave through a lens and a three-layer medium, which corresponds to the most common use of a fluorescence microscope, when the specimen is observed through an immersion medium and a cover glass. The first interface, perpendicular to the optical z axis, is placed at z=-h 1 , the second interface at z=-h 2 . The wave numbers of the specimen, cover glass and immersion medium are k 3 , k 2 and k 1 , respectively. In what follows we give generalized formulae for an N-layer medium and specialize the expressions later. E in italic describes the electric field in the focal region. The fluorescent molecule located at P = (ρ,φ, z) , using the usual polar coordinate system notation, is excited by the focused wave. It then irradiates as a harmonically oscillating dipole, which moment p e is co-polarized with the electric field E of Cartesian components [9] :
In the above expression α1 is the convergence semi-angle of the illumination and J n (x) are the Bessel function order n, first kind. In Eq. (1), spherical polar coordinates are used with the usual notation 0 ≤ θ ≤ π and 0 ≤ φ < 2π. The transmission coefficients T S and T p for the stratified medium are computed as in Ref [9] .
Modeling of the detection Point Spread function
We consider now a (x', y', z') reference frame centered at the location of the molecule (see Fig. 1(b) ). The electric field E emitted by the fluorescence process traverses back the stratified medium and is written before the objective lens (in medium 1) as [10] :
Note that (p ex * , p ey * , p ez * ) now denotes the Cartesian components of the complex conjugate of p. The transmission coefficients ! T S and ! T p for the stratified medium are computed as in Ref [9] but for propagation from medium N towards medium 1, i.e. in the opposite sequence as for the illumination. When the dipole is imaged only part of the electromagnetic field given by Eq. (4) is collected and subsequently collimated by the objective lens. The electric vector E (upright E denotes the electric field after the lens) being collimated by the lens is given by:
where the factor (cos θ1) -1/2 results from an inverse spherical-planar projection due to an aplanatic lens. The matrix R describes the coordinate transformation for rotation around the zaxis and the matrix L describes the change in the electric field as it traverses the lens [5] . Equation (5) leads to the Cartesian components of the electric vector field after the lens:
The detector lens serves as the second element of an aplanatic system, and is used to focus the electric field onto the detector. In order to achieve high overall magnification the numerical aperture of this lens is sufficiently low. We can thus simplify the model by stating that this lens produces in the back focal plane a truncated Fourier transform of the individual field components of the field in the front focal plane. Note that a more accurate representation was discussed in Ref. [7] . Hence:
with the quantities I 0det , I 1det and I 2det defined as:
with α d being the angular aperture of the detector lens, (r',z') are the radial and axial displacement of the dipole and the azimuthal angle θ d is related to the azimuthal angle θ by the relationship:
where β is the nominal magnification of the detector lens system, and k d is the wave number in the image space. The initial aberration function Ψ det is given by [11] 
The detected intensity is then obtained as:
Note that Eq. (8) differs from Eq. (2) in that now the inverse apodisation term is used and also that the transmission coefficients are different.
The model presented above is generally valid for scanning optical microscopes, including confocal microscopes. To specialize the results for a conventional microscope, a low numerical aperture condenser is used to produce an illumination with uniform lateral distribution. A simplified model then gives the resulting point spread function (PSF) by taking p e constant in modulus, and by averaging Eq. (11) over all dipole orientations [8] , considering that the dipole is free to rotate, as is the case for example when the sample is in solution. In that case Eq. (11) simplifies to PSF det = |I 0det | 2 + 2|I 1det | 2 + |I 2det | 2 . One may also consider polarized detection if a linear polarizer is introduced before the detector lens [5] [6] [7] [8] .
If one considers that the dipole is excited by a tightly focused beam then our model is specialized to confocal microscopy [12] . A first approximation is to consider randomly polarized fluorescent emission, and randomly polarized illumination. In that case one obtains
However, in previous works the detection PSF and illumination PSF were considered identical. The Fresnel transmission coefficients, however, are very different for propagation from e.g. water to glass or from glass to water. Hence for the case of focusing through a stratified medium the illumination and detection PSFs should be different even when computed for the same wavelength. A more precise approach is to compute the excitation PSF using Eqs. (1-3) . Then the electric dipole moment, proportional to the n th -power of the incident intensity for an nphoton fluorescence process, is obtained which permits an accurate calculation of the detected intensity. We note that our approach may also be useful for accurate modeling of multiobjective microscopes [13] [14] [15] 
Results
Figure 2(a) shows the illumination PSF as given by Eqs. (1-3) and the detection PSF for a conventional microscope from Eqs. (7) (8) (9) (10) (11) , along the optical z axis, assuming p e =const= p ex i x , for a dipole immersed in a watery medium, 50 µm below a 120 µm thick cover glass of refractive index 1.525, and for a 40x, N.A.=0.9 (air) objective lens [9] . The origin is at the position of the unaberrated gaussian focus point [16] . The objective lens is corrected for 170 µm cover glass thickness. For comparison, the illumination and detection PSFs are both computed for λ=488 nm. Aberrations are fairly well corrected in this case and the differences between the illumination and detection PSF are marginal. Figure 3(b) presents the resulting PSFs for the same system and a 170 µm thick cover glass. Note that in this case the PSFs exhibit strong spherical aberration. Furthermore, on comparing the illumination and detection PSFs noticeable differences appear suggesting that the usual approximation, which consists in assuming the illumination and detection PSFs identical, is not always valid. This is confirmed in Figure 3(c,d) , which present the confocal PSFs corresponding to Figs. 3(a,b) , computed using the usual approximation, and with our new dipole model. For single photon fluorescence the electric dipole moment is proportional to the illumination intensity, p e ∝ E 2 , as given by Eqs. (1)-(3) . It is instructive to also consider the case of a dry objective lens which, due to the large difference between the refractive indexes of air and glass, represents the worst case scenario in terms of aberrations. Indeed, our results show that for oil immersion objectives the difference between illumination and detection PSFs is weak. This is due to the small difference between the Fresnel coefficients corresponding to the illumination and detection PSFs, resulting from a fairly good match of refractive indexes. Figure 3(a) shows the illumination and detection PSFs, computed at λ=633 nm for a 63× oil immersion objective lens of N.A.=1.2, at a depth of 50 µm below a 170 µm cover glass, and for a conventional microscope. The two PSFs practically overlap each other in the main peak, with small differences in the tail.
For water immersion objective, and if the index of refraction of the specimen is considered to be exactly that of water, the illumination and detection PSF are identical, because the Fresnel coefficients are the same in both directions of propagation. This result could be derived from the Helmholtz reciprocity theorem, and as a consequence, the so-called equivalence theorem holds in that case. In the general case, when mediums with different indexes of refraction are used, this theorem is not strictly valid, even if only small differences are expected (Fig. 3(a) ). Therefore, considering the detection and illumination PSFs being identical for practical biological configurations is a fair approximation.
Conversely, when large mismatches of refractive index exist the use our new model seems essential. As an illustration, we consider crystallographic observation of diamond (n=2.418 at λ=633 nm) using a 40x dry objective lens of N.A.=0.9. Figure 3(b) shows the illumination and detection PSFs at a depth of 46.5 µm below the crystal surface and it is clear that large differences are observed.
The associated multimedia files show the PSFs as function of the focusing depth. Note the large differences, and also the fact that the peak of maximum intensity is often at a different location for the illumination and the detection PSFs in diamond, while for the oil immersion objective, both PSFs are very similar.
Conclusions
In conclusion we have presented a high aperture electromagnetic model for the image formation of fluorescence microscopes. The model is equally valid for conventional and confocal microscopy. When large refractive index mismatches occur our results show that the illumination and detection point spread functions of an optical microscope imaging a fluorescent molecule can significantly differ. This in turn results in an overall confocal point spread function, which may be markedly different than that obtained from currently used models.
